In this paper, the effects of viscous dissipation and the temperature-dependent thermal conductivity on an unsteady flow and heat transfer in a thin liquid film of a non-Newtonian Ostwald-de Waele fluid over a horizontal porous stretching surface is studied. Using a similarity transformation, the time-dependent boundary-layer equations are reduced to a set of non-linear ordinary differential equations. The resulting five parameter problem is solved by the Keller-Box method. The effects of the unsteady parameter on the film thickness are explored numerically for different values of the power-law index parameter and the injection parameter. Numerical results for the velocity, the temperature, the skin friction and the wall-temperature gradient are presented through graphs and tables for different values of the pertinent parameter. One of the important findings of the study is that the film thickness increases with an increase in the powerlaw index parameter (as well as the injection parameter). Quite the opposite is true with the unsteady parameter. Furthermore, the wall-temperature gradient decreases with an increase in the Eckert number or the variable thermal conductivity parameter. Furthermore, the surface temperature of a shear thinning fluid is larger compared to the Newtonian and shear thickening fluids. The results obtained reveal many interesting behaviors that warrant further study of the equations related to non-Newtonian fluid phenomena, especially the shear-thinning phenomena.
Introduction
During the past two decades, due to its applications to several areas in science and engineering, considerable attention has been devoted to the study of flow and heat transfer within a thin liquid film on an unsteady stretching sheet. These areas include extrusion processes, wire and fiber coating, polymer processing, food stuff processing, design of various heat exchangers and chemical processing equipment, etc. In particular, in melt-spinning processes, the extrudate from the die is generally drawn and simultaneously stretched into a filament or sheet, which is then solidified through rapid quenching or gradual cooling by direct contact with water or chilled metal rolls. In fact, stretching imparts a unidirectional orientation to the extrudate and, as a consequence, the quality of the final product depends considerably on the flow and heat transfer mechanism. Therefore, the analysis of momentum and thermal transport within a thin liquid film on a continuously stretching surface is important for gaining some fundamental understanding of such processes. Motivated by the process of polymer extrusion, in which the extrudate emerges from a narrow slit, Crane [1] examined the Newtonian fluid flow induced by the stretching of an elastic flat sheet. Subsequently, several extensions related to Crane's [1] flow problem were made for different physical situations (see [2] [3] [4] [5] [6] ). In these studies [1] [2] [3] [4] [5] [6] , the boundary layer equation is considered and the boundary conditions are prescribed at the sheet and on the fluid at infinity. Imposition of a similarity transformation reduced the system to a set of ordinary differential equations (ODEs), which was then solved analytically or numerically.
All the above mentioned studies deal with flow and/or heat transfer from a stretching sheet in a fluid medium extending to infinity. However, in real physical situations involving coating processes, one needs to consider the fluid adhering to the stretching sheet as a finite liquid film.
Wang [7] was the first to consider such a flow problem with a finite liquid film of a Newtonian fluid over an unsteady stretching sheet. Later, Usha and Sridharan [8] considered a similar problem of axi-symmetric flow in a liquid film. Dandapat et al. [9] investigated the effects of variable fluid properties and thermo-capillarity on the flow and heat transfer in a liquid film on a horizontal stretching sheet. Further, Liu and Andersson [10] explored the work of [7] to study the thermal characteristics of liquid film on an unsteady stretching surface. Abel et al. [11] studied the heat transfer problem for a thin liquid film in the presence of an external magnetic field with viscous dissipation. Nadeem and Awais [12] analyzed the effect of a thin film flow over an unsteady shrinking sheet with variable viscosity. Recently, Aziz et al. [13] addressed the influence of internal heat generation/absorption on the flow and heat transfer in a thin film on an unsteady stretching sheet. al. [14] carried out a numerical study for the hydro-dynamical problem of a power-law fluid flow with in a liquid film over a stretching sheet. Here, the thermo-physical properties of the ambient fluid are assumed to be constant. However, it is well known that these properties may change with temperature, especially the thermal conductivity. Available literature [15] [16] [17] on variable thermal conductivity shows that this type of work has not been carried out for non-Newtonian fluid obeying the Ostwald-de Waele power-law model.
The purpose of the present study is to explore the effects of thermo-physical property, namely, the variable thermal conductivity and the viscous dissipation on the heat transfer of an incompressible power-law liquid thin film on an unsteady porous stretching surface. In nonNewtonian liquid thin film flow, the effects of variable thermal conductivity, power law index, and viscous dissipation play a significant role in the heat transfer process. Here, the momentum and energy equations are highly non-linear. Hence, a similarity transformation is used to transform the non-linear partial differential equations into nonlinear ordinary differential equations. Due to its complexity and nonlinearity, the proposed problem, is solved numerically 
where u and v are the velocity components along the x and y directions, respectively; ρ is the density, xy τ is the shear stress. Here, we assume the shear stress as
where is the consistency coefficient and n is the flow behavior index, namely, the power-law index. The fluid is Newtonian for n K K 1 = with μ = (the absolute viscosity). As n deviates from unity, the fluid becomes non-Newtonian: For example, n 1 < and correspond to shear thinning (pseudo plastic) and shear thickening (dilatants) fluids, respectively. Further, C is the specific heat at constant pressure, T is the temperature, and
is the temperature-dependent variable thermal conductivity. For liquid metals, the thermal conductivity varies linearly with temperature in the range 0 (see for details Savvas et al. [15] ). In the present study, the thermal conductivity is assumed to vary linearly with temperature (Chaim [23] ) as
Here, ,
T is the temperature of the stretching sheet, ε is a small parameter known as the variable thermal conductivity parameter, and 0 κ is the thermal conductivity of the fluid.
The last term in equation (2.3) is due to the viscous dissipation.
In the derivation of the above governing equations, the conventional boundary layer approximation has been invoked. This is justified by the assumption that the film thickness h is much smaller than the characteristic length L (in the direction along the sheet). 
, h L
Assuming that the interface of the planar liquid film is smooth and free of surface waves and the viscous shear stress and the heat flux vanish at the adiabatic free surface, the boundary conditions become
where s U and s T are the surface velocity and temperature of the stretching sheet, respectively, and v s is the injection parameter. Here ( ) h t is the free surface elevation of the liquid film. That is, the film thickness. In this paper, the flow is caused by the linear stretching of the elastic sheet at y = 0 with a velocity of the form α = Further, it should be noted that the end effects and the gravity are negligible, and the surface tension is sufficiently large such that the film surface remains smooth and stable throughout the motion.
The surface temperature T s of the sheet varies with the distance x from the slot and time t:
where T is the fixed temperature at the slit, and T is the reference temperature, which can be taken as T in the present study. 
In equation (2.12) the stream function ( )
such that the continuity equation (2.1) is satisfied automatically, and β is a constant denoting the dimensionless film thickness. In terms of these new variables, the momentum and the energy equations together with the boundary conditions become ( ) 
( )
Although the dimensionless film thickness is a constant for fixed values of S and n, the actual film thickness depends on time t and the streamwise location x. From equation (2.14) we find that the film thickness can be expressed as ,
In the Newtonian case (n =1), h becomes a function of time only; whereas for non-Newtonian films, the thickness decreases with x for pseudo plastics (n <1), while the film thickness decreases in the streamwise direction for dilatant fluids (n >1).
It is worth mentioning here that the momentum boundary layer problem defined by the ODE 
Numerical procedure
The system of equations (2.15) and (2.16) are highly non-linear ordinary differential equations of third-order and second-order, respectively. Exact analytical solutions are not possible for the complete set of equations (2.15) and (2.16). Hence, we use the efficient numerical method with second order finite difference scheme known as the Keller-Box method [18] [19] . This method is 0.005 unconditionally stable and has a second order accuracy with arbitrary spacing. First, we write the differential equations and the boundary conditions in terms of first order system, which is then converted to a set of finite difference equations using central differences. Then the non-linear and Wang [7] . It was found from Table 1 that the present results agree very well with those of Aziz et al. [13] and Wang [7] . 6 10 −
Results and discussion
In order to analyze the effects of the pertinent parameters, namely, the power-law index n, the dimensionless film thickness β, the unsteady parameter S, the injection parameter , Table 2 . It is interesting to note that β , Table 3 , we see that the effect of Ec and ε is to decrease the magnitude of the wall-temperature gradient; whereas the effect of Pr is to enhance it. This is true for all values of n and w f .
Conclusions
The purpose of the present work is to obtain numerical solutions to the problem of flow and heat transfer in a power-law liquid film on an unsteady porous stretching sheet in the presence of viscous dissipation and temperature-dependent thermal conductivity. Results for the velocity and the temperature distributions across the liquid film, the free surface velocity 2. The effect of suction is to reduce the thermal boundary layer thickness as compared to blowing. This holds for all values of the power-law index, the variable thermal conductivity and the Eckert number.
3. The effect of viscous dissipation is found to increase the dimensionless free surface temperature ( )
This observation is true for all values of the power-law index. Table 2 : Values of the dimensionless film thickness, skin friction, and the wall-temperature gradient for different values of the physical parameters when Ec = 0.0, ε = 0.0, and Pr = 1.0. 
